Abstract. In this paper, we have studied biharmonic hypersurfaces in space form M n+1 (c) with constant sectional curvature c. We have obtained that biharmonic hypersurfaces M n with at most three distinct principal curvatures in M n+1 (c) has constant mean curvature. We also obtain the full classification of biharmonic hypersurfaces with at most three distinct principal curvatures in arbitrary dimension space form M n+1 (c).
Introduction
The longstanding well known Chen's conjecture on biharmonic submanifolds states that a biharmonic submanifold in a Euclidean space is a minimal one [2] . In particular, Chen proved that there exist no proper biharmonic surfaces in Euclidean 3-spaces. There are many non-existence results in Euclidean spaces developed by I. Dimitric in [9, 10] . Later, the Chen's conjecture was verified and found true for submanifolds of some Euclidean spaces (see [7, 12, 13, 14] ).
In contrast to the submanifolds of Euclidean spaces, Chen's conjecture is not always true for the submanifolds of the pseudo-Euclidean spaces (see [3∼6] ). However, for hypersurfaces in pseudo-Euclidean spaces, Chen's conjecture is also right (see [1, 8] ).
For biharmonic hypersurfaces with at most two distinct principal curvatures the property of having constant mean curvature was proved in [15] for any space form. This property proved to be the main ingredient for the following complete classification of proper biharmonic hypersurfaces with at most two distinct principal curvatures in the Euclidean sphere. ) or of
), m 1 + m 2 = m, m 1 = m 2 .
Proposition 1.2 ([15]):
Let M m be a proper biharmonic hypersurface with constant mean curvature H in S m+1 . Then M has constant scalar curvature,
where H 2 = k. For biharmonic hypersurfaces in 4-dimensional space form the property of having constant mean curvature was proved in [19] ) and the torus S 1 (
).
In view of above development, we study the biharmonic hypersurfaces in M n+1 (c) with at most three distinct principal curvatures.
Preliminaries
Let (M n , g) be a hypersurface isometrically immersed in a (n + 1)-dimensional space forms (M n+1 (c), g) with constant sectional curvature c and g = g |M .
Let ∇ and ∇ denote linear connections on M n+1 (c) and M n , respectively. Then, the Gauss and Weingarten formulae are given by
where ξ be the unit normal vector to M, h is the second fundamental form and A is the shape operator. It is well known that the second fundamental form h and shape operator A are related by
The mean curvature vector is given by
The Gauss and Codazzi equations are given by
respectively, where R is the curvature tensor and
A biharmonic submanifold in a space form M (c) is called proper biharmonic if it is not minimal. The necessary and sufficient conditions for M to be proper biharmonic in M n+1 (c) [3, 17] is
where H denotes the mean curvature. Also the Laplace operator △ of a scalar valued function f is given by [4] (2.10)
where {e 1 , e 2 ..., e n } is an orthonormal local tangent frame on M n .
We recall that a hypersurface M n in S n+1 is said to be isoparametric of type l if it has constant principal curvatures k 1 > ... > k l with respective constant multiplicities n 1 , ..., n l , n = n 1 + n 2 + ... + n l . It is known that the number l is either 1, 2, 3, 4 or 6. For l ≤ 3, we have the following classification of compact isoparametric hypersurfaces. If l = 1, then M is totally umbilical. If l = 2, then M = S n 1 (r 1 ) × S n 2 (r 2 ), r 2 1 + r 2 2 = 1 (see [18] ). If l = 3, then n 1 = n 2 = n 3 = 2 q , q = 0, 1, 2, 3 (see [16] ).
Moreover, there exists an angle θ, 0 < θ < π l , such that
In the next section, we shall need the following result:
A compact hypersurface M m of constant scalar curvature s and constant mean curvature H in S m+1 is isoparametric provided it has 3 distinct principal curvatures everywhere.
Biharmonic hypersurfaces with three distinct principal curvatures
In this section, we study biharmonic hypersurfaces M in space form M n+1 (c).
We assume that H is not constant. The hypothesis for M to be proper biharmonic with three distinct principal curvatures in space form M n+1 (c) and non-constant mean curvature, implies the existence of an open connected subset U ofM, with grad p H = 0 for all p ∈ U. We shall contradict the condition grad p H = 0, ∀p ∈ U. From (2.9), it is easy to see that gradH is an eigenvector of the shape operator A with the corresponding principal curvature −nH 2
. We choose e 1 in the direction of gradH and therefore shape operator A of hypersurfaces will take the following form with respect to a suitable frame {e 1 , e 2 , ..., e n−1 , e n } (3.1)
The gradH can be expressed as
As we have taken e 1 parallel to gradH, consequently (3.3) e 1 (H) = 0, e 2 (H) = 0, e 3 (H) = 0, ..., e n−1 (H) = 0, e n (H) = 0.
We express
Using (3.4) and the compatibility conditions (∇ e k g)(e i , e i ) = 0 and (∇ e k g)(e i , e j ) = 0, we obtain Taking X = e i , Y = e j in (2.7) and using (3.1), (3.4), we get (∇ e i A)e j = e i (λ j )e j + n k=1 ω k ij e k (λ j − λ k ). Putting the value of (∇ e i A)e j in (2.6), we find
, from (3.3), we get
Using (3.8), we have [e i , e j ](λ 1 ) = 0, i, j = 2, ..., n, whereby using (3.4), we find
ji , for i = j and i, j = 2, ..., n. Now we show that λ j = λ 1 , j = 2, 3, ..., n. In fact, if λ j = λ 1 for j = 1, from (3.6), we find (3.10) e 1 (λ j ) = (λ 1 − λ j )ω j j1 = 0, which contradicts the first expression of (3.8).
Since M n has three distinct principal curvatures, we can assume that λ 2 = λ 3 = ... = λ n−1 = λ = λ n . From (2.4), we obtain that
.
Putting i, j = 2, 3, ..., n − 1, and i = j in (3.6), we get (3.12) e j (λ) = 0, for j = 2, 3, ..., n − 1.
Putting i = 1, j = 1 in (3.6) and using (3.8) and (3.5), we find Putting i = 2, 3, ..., n − 1, j = n in (3.6) and using (3.12), we obtain (3.14) ω n ni = 0, i = 2, 3, ..., n − 1.
Putting i = 1, j = 2, 3, ..., n − 1, n, in (3.6), we have
Putting i = n, j = 2, 3, ..., n − 1, in (3.6), we find
.., n − 1.
Putting i = 1, j = k, and j, k = 2, 3, ..., n − 1, in (3.7), we obtain (3.17) ω j k1 = 0, j = k, and j, k = 2, 3, ..., n − 1.
Putting i = n, j = k, and j, k = 2, 3, ..., n − 1, in (3.7), we have Putting i = n, j = 1, and k = 2, 3, ..., n − 1, in (3.7), and using (3.9) we get
Putting i = 1, j = n, and k = 2, 3, ..., n − 1, in (3.7), and using (3.9) we find
Now, we have the following:
Lemma 3.1. Let M n be an n-dimensional biharmonic hypersurface with three distinct principal curvatures and non-constant mean curvature in space forms M n+1 (c)
, having the shape operator given by (3.1) with respect to suitable orthonormal frame {e 1 , e 2 , ..., e n−1 , e n }. Then, we obtain (3.21) ∇ e 1 e 1 = 0, ∇ e i e 1 = −αe i , i = 2, 3, ..., n − 1, ∇ en e 1 = βe n ,
where ω k ij satisfies (3.5) for i, j, k = 1, 2, 3, ..., n−1, n, and α =
Using Lemma 3.1, Gauss equation and comparing the coefficients with respect to a orthonormal frame {e 1 , e 2 , ..., e n−1 , e n }, we find the following:
•X = e 1 , Y = e 2 , Z = e 1 , (3.25) e 1 (α) = α 2 + c − nHλ 2 .
•X = e 1 , Y = e 2 , Z = e n ,
•X = e 1 , Y = e n , Z = e 1 ,
•X = e 3 , Y = e n , Z = e 1 , (3.28) e n (α) + 2e n (λ) 3nH − 2(n − 1)λ (α + β) = 0.
•X = e n , Y = e 2 , Z = e n ,
Using (2.8), (2.10), (3.1) and Lemma 3.1, we find (3.30)
From (3.3) and Lemma 3.1, we obtain (3.31) e i e 1 (H) = 0, i = 2, 3, ..., n − 1, n.
along e n , we get equations (nH + 2λ)e n (α) + 2αe n (λ) = 2e n e 1 (λ), (−4nH + 2(n − 2)λ)e n (β) = −2(n − 2)e n e 1 (λ) − 2(n − 2)βe n (λ) respectively and eliminating e n e 1 (λ), we have (−4nH + 2(n − 2)λ)e n (β) = −(n − 2)(nH + 2λ)e n (α) − 2(n − 2)(α + β)e n (λ). Putting the value of e n (α) from (3.28) in the above equation, we find e n (β) = 4en(λ)n(n−2)(α+β)(λ−H) (−4nH+2(n−2)λ)(3nH−(2n−2)λ) . Differentiating (3.30) along e n and using (3.31), (3.28 ) and e n (β), we get
We claim that e n (λ) = 0. Indeed, if e n (λ) = 0, then
Now, differentiating (3.33) along e n , we have
Eliminating e 1 (H) from (3.33) and (3.34), we obtain 2(n − 1)λ − 3nH = 0 which is not possible since λ = 3nH 2(n−1)
, consequently, e n (λ) = 0. Therefore, (3.29) reduces to
Now, eliminating e 1 e 1 (H) and e 1 e 1 (λ), using (3.35), (3.30), (3.27) and (3.25), we obtain (3.36)
Differentiating (3.36) along e 1 and using (3.35), (3.30), (3.27), (3.25) and (3.36), we get (3.37)
Also, we have
Combining (3.37) and (3.38), we obtain
For simplicity, we denote by
Therefore, (3.39) can be rewritten as
On the other hand, combining (3.38) with (3.36) and using (3.35), we find
where L is given by
Using (3.40) and (3.35), we get
Eliminating α 2 and β 2 from (3.41), we obtain (3.42)
which is a polynomial equation of degree 9 in terms of λ and H. Now consider an integral curve of e 1 passing through p = γ(t 0 ) as γ(t), t ∈ I. Since e i (H) = e i (λ) = 0 for i = 2, ..., n and e 1 (H), e 1 (λ) = 0, we can assume t = t(λ) and H = H(λ) in some neighborhood of λ 0 = λ(t 0 ). Using (3.38) and (3.40), we have
Differentiating (3.42) with respect to λ and substituting dH dλ from (3.43), we get
another algebraic equation of degree 12 in terms of H and λ. We rewrite (3.42) and (3.44) respectively in the following forms
where f i (H) and g j (H) are polynomial functions of H. We eliminate λ 12 between these two polynomials of (3.45) by multiplying g 12 λ 3 and f 8 respectively on the first and second equations of (3.45), we obtain a new polynomial equation in λ of degree 11. Combining this equation with the first equation of (3.45), we successively obtain a polynomial equation in λ of degree 10. In a similar way, by using the first equation of (3.45) and its consequences we are able to gradually eliminate λ. At last, we obtain a non-trivial algebraic polynomial equation in H with constant coefficients. Therefore, we conclude that the real function H must be a constant and we conclude: Proof: Suppose that M n is a proper biharmonic hypersurface in H n+1 or R n+1 with at most three distinct principal curvatures. From Theorem 3.3, we have that mean curvature of M n is constant. From (2.8), we get that traceA 2 = −n or traceA 2 = 0, which is not possible and proof of the theorem is complete. ) and the torus S n 1 (
) where n 1 + n 2 = n, n 1 = n 2 .
Proof: Suppose that M n is a compact proper biharmonic hypersurface of S n+1 (1) with three distinct principal curvatures. From Theorem 3.2, we get that M n has constant mean curvature and, since it satisfies the hypotheses of Proposition 1.2, we conclude that it also has constant scalar curvature. We can thus apply Theorem 2.1 and it results that M n is isoparametric in S n+1 (1) . From Theorem 1.3, we get that M n cannot be isoparametric with l = 3, and by using Theorem 1.1 we conclude the proof.
